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ÓÄÊ 517.518
Î êîíñòðóêöèè è íåêîòîðûõ ñâîéñòâàõ ñàìîïîäîáíûõ
óíêöèé â ïðîñòðàíñòâàõ Lp[0, 1]
È. À. Øåéïàê
Àííîòàöèÿ. Â ñòàòüå ïðèâîäèòñÿ êîíñòðóêöèÿ àèííî-ñàìîïîäîáíûõ óíêöèé. Â òåð-
ìèíàõ ïàðàìåòðîâ ïðåîáðàçîâàíèé ñàìîïîäîáèÿ äàåòñÿ óñëîâèå ïðèíàäëåæíîñòè ýòèõ
óíêöèé êëàññàì Lp[0, 1], à òàêæå ïðîñòðàíñòâó C[0, 1]. Èçó÷àþòñÿ íåêîòîðûé ñâîéñòâà
ýòèõ óíêöèé (ìîíîòîííîñòü, îãðàíè÷åííîñòü âàðèàöèè). Óñòàíàâëèâàåòñÿ ñâÿçü ñàìîïî-
äîáíûõ óíêöèé ñ ñàìîïîäîáíûìè ìåðàìè.
1. Ââåäåíèå
Ñàìîïîäîáíûå (ðàêòàëüíûå) îáúåêòû (ìíîæåñòâà, ìåðû, óíêöèè) íàøëè øèðîêîå
ïðèìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ ìàòåìàòèêè. Îäíèì èç ñïîñîáîâ ïîñòðîåíèÿ òàêèõ îáú-
åêòîâ ÿâëÿåòñÿ ïðèìåíåíèå òåîðåìû î íåïîäâèæíîé òî÷êå ñæèìàþùåãî îòîáðàæåíèÿ â
ïîëíîì ìåòðè÷åñêîì ïðîñòðàíñòâå. Äîñòàòî÷íî îáùóþ êîíñòðóêöèþ ñàìîïîäîáíûõ ìíî-
æåñòâ è ìåð, îïèðàþùóþñÿ íà òàêîé ïîäõîä, à òàêæå íåêîòîðûå èõ ïðèëîæåíèÿ ìîæíî
íàéòè, íàïðèìåð, â [1℄.
Îäíèì èç âàæíûõ ïðèëîæåíèé ñàìîïîäîáíûõ íåïðåðûâíûõ óíêöèé ÿâëÿåòñÿ òåîðèÿ
ñæàòèÿ êîìïüþòåðíûõ èçîáðàæåíèé (ñì. [2℄). Ïðè ýòîì, â îñíîâíîì, ðåøàþòñÿ âîïðîñû èí-
òåðïîëÿöèè èçîáðàæàåìûõ îáúåêòîâ èëè èõ ãðàíèö íåïðåðûâíûìè ñàìîïîäîáíûìè óíê-
öèÿìè, çíà÷åíèÿ êîòîðûõ çàäàíû â êîíå÷íîì íàáîðå òî÷åê. Â êîíñòðóêöèè ýòèõ óíêöèé
ïàðàìåòðû îòîáðàæåíèé, îïðåäåëÿþùèõ ñàìîïîäîáèå, ìîãóò áûòü âû÷èñëåíû ÷åðåç óçëû
èíòåðïîëÿöèè.
Êðîìå òîãî, ñàìîïîäîáíûå ìåðû íàõîäÿò ïðèìåíåíèå è â ñïåêòðàëüíîé òåîðèè îïå-
ðàòîðîâ ([3℄) è â ãàðìîíè÷åñêîì àíàëèçå ([4℄, [5℄). Çàìåòèì, ÷òî â ðàáîòå [5℄ òåðìèíîëî-
ãèÿ
≪
ñàìîïîäîáíûå ìåðû
≫
íå óïîòðåáëÿëàñü, íî êîíñòðóêöèÿ ìåð, êîýèöèåíòû Ôóðüå-
Ñòèëüòüåñà êîòîðûõ íå ñòðåìÿòñÿ ê íóëþ, òåì íå ìåíåå èñïîëüçóåò èäåþ ñàìîïîäîáèÿ.
àçëè÷íûå çàäà÷è, ñâÿçàííûå ñ èçó÷åíèåì ñâîéñòâ âåðîÿòíîñòíûõ ñàìîïîäîáíûõ ìåð, åñòå-
ñòâåííûì îáðàçîì âîçíèêàþò â òåîðèè ðàêòàëüíûõ êðèâûõ, èçó÷åíèå êîòîðûõ íà÷àëîñü
ñ óæå ñòàâøèõ êëàññè÷åñêèìè ðàáîòû [6℄[8℄. Âïîñëåäñòâèè íåïðåðûâíûå ðàêòàëüíûå
êðèâûå íàøëè ïðèìåíåíèå â òåîðèè óíêöèé, òåîðèè âåðîÿòíîñòåé, ýðãîäè÷åñêîé òåîðèè
è ò.ä. [9℄[11℄.
Áîëüøîå ðàçâèòèå òåîðèÿ ðàêòàëüíûõ êðèâûõ ïîëó÷èëà ïîñëå òîãî, êàê îáíàðóæè-
ëàñü å¼ ñâÿçü ñ òåîðèåé âñïëåñêîâ (âåéâëåòîâ) è ìàñøòàáèðóþùèõ óíêöèé (ñì., íàïðèìåð,
[12℄). Â ÷àñòíîñòè, îïðåäåë¼ííûé èíòåðåñ ïðåäñòàâëÿåò èññëåäîâàíèå ãëàäêîñòè ðåøåíèé
ìàñøòàáèðóþùèõ óðàâíåíèé â ðàçëè÷íûõ óíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Íàïðèìåð, â
ðàáîòå [13℄ áûëè ïîëó÷åíû îöåíêè ñâåðõó íà ïîêàçàòåëü åëüäåðà ýòèõ ðåøåíèé â ïðî-
ñòðàíñòâå C[0, 1]. Â [14℄ áûëè ïîëó÷åíû êðèòåðèè òàêèõ ñâîéñòâ ðåøåíèé ìàñøòàáèðóþ-
ùèõ óðàâíåíèé, êàê àáñîëþòíàÿ íåïðåðûâíîñòü, ñèíãóëÿðíàÿ íåïðåðûâíîñòü, îãðàíè÷åí-
íîñòü âàðèàöèè.
àáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÔÔÈ 04-01-00712 è ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë
ÍØ-5247.2006.1
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2àñøèðåíèåì ïîíÿòèé ñàìîïîäîáíûõ ìåð è íåïðåðûâíûõ óíêöèé ÿâëÿþòñÿ óíê-
öèè èç ïðîñòðàíñòâ Lp. Â ñâÿçè ñ ýòèì íåîáõîäèìî óïîìÿíóòü î ââåäåííûõ â ðàáîòå [15℄
ñóììèðóåìûõ ðàêòàëüíûõ êðèâûõ. Â ýòîé ðàáîòå áûëè ïîëó÷åíû êðèòåðèè ñóùåñòâî-
âàíèÿ ðàêòàëüíîé êðèâîé è ïðèíàäëåæíîñòè åå êëàññàì Lp â òåðìèíàõ ñïåêòðàëüíûõ
p-ðàäèóñîâ ρp [16℄. Êðîìå òîãî, òàì æå áûëè âûâåäåíû îðìóëû äëÿ ïîêàçàòåëåé ãëàäêî-
ñòè â ðàçëè÷íûõ óíêöèîíàëüíûõ ïðîñòðàíñòâàõ.
Íåêîòîðûå ÷àñòíûå ñëó÷àè êâàäðàòè÷íî-ñóììèðóåìûõ ñàìîïîäîáíûõ óíêöèé áûëè
ðàññìîòðåíû â [17℄. Ñâîéñòâà ñàìèõ óíêöèé íå èçó÷àëèñü. Îñíîâíîå îòëè÷èå êîíñòðóê-
öèè ñàìîïîäîáíûõ óíêöèé èç Lp[0, 1] îò ñàìîïîäîáíûõ íåïðåðûâíûõ óíêöèé çàêëþ-
÷àåòñÿ â òîì, ÷òî ïàðàìåòðû ñàìîïîäîáèÿ íåëüçÿ îïðåäåëèòü ÷åðåç çíà÷åíèÿ óíêöèè â
íåêîòîðîì íàáîðå òî÷åê.
Óïîìÿíóòûå ðàáîòû ([3℄, [17℄), à òàêæå íåêîòîðûå ðåçóëüòàòû ðàáîòû [18℄ óêàçûâàþò
íà òåñíóþ ñâÿçü ñïåêòðà íåêîòîðûõ ãðàíè÷íûõ çàäà÷ ñ òàêèìè ñâîéñòâàìè ñàìîïîäîáíûõ
óíêöèé êàê ìîíîòîííîñòü, íåïðåðûâíîñòü, àáñîëþòíàÿ íåïðåðûâíîñòü, îãðàíè÷åííîñòü
âàðèàöèè. Â ñâÿçè ñ ýòèì èçó÷åíèå óêàçàííûõ è äðóãèõ ñâîéñòâ ñàìîïîäîáíûõ óíêöèé
ðàçëè÷íûõ êëàññîâ ïðåäñòàâëÿåò èíòåðåñ äëÿ ìíîãèõ ìàòåìàòè÷åñêèõ íàïðàâëåíèé.
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ñàìîïîäîáíûõ óíêöèé â Lp[0, 1] è èññëå-
äîâàíèå íåêîòîðûõ èõ ñâîéñòâ (íåïðåðûâíîñòü, ìîíîòîííîñòü, îãðàíè÷åííîñòü âàðèàöèè).
Â îñíîâå êîíñòðóèðîâàíèÿ òàêèõ óíêöèé ëåæèò òåîðåìà î íåïîäâèæíîé òî÷êå ñæèìà-
þùåãî îòîáðàæåíèÿ â ïîëíîì ìåòðè÷åñêîì ïðîñòðàíñòâå. Ïðåäëàãàåìûé ïîäõîä, ñ îäíîé
ñòîðîíû ÿâëÿåòñÿ áîëåå îáùèì, ïî ñðàâíåíèþ ñ ïîñòðîåíèåì ðàêòàëüíûõ êðèâûõ (îò-
ðåçêè ðàçáèåíèÿ ìîãóò èìåòü ðàçëè÷íóþ äëèíó). Ñ äðóãîé ñòîðîíû, ðàêòàëüíàÿ êðèâàÿ
ïðèíàäëåæèò R
n
. Â ñëó÷àå, êîãäà ñàìîïîäîáíàÿ óíêöèÿ ÿâëÿåòñÿ íåïðåðûâíîé, ýòó êîí-
ñòðóêöèþ ìîæíî ïåðåîðìóëèðîâàòü â òåðìèíàõ óçëîâ èíòåðïîëÿöèè (ñì. [2℄). Â ñëó÷àå,
êîãäà ñàìîïîäîáíàÿ óíêöèÿ ÿâëÿåòñÿ íåóáûâàþùåé, îíà åñòåñòâåííûì îáðàçîì ïîðîæ-
äàåò ñàìîïîäîáíóþ ìåðó. Ñàìîïîäîáíîé óíêöèè îãðàíè÷åííîé âàðèàöèè ñîîòâåòñòâóåò
ñàìîïîäîáíûé çàðÿä.
2. Ñàìîïîäîáíûå óíêöèè â ïðîñòðàíñòâå Lp[0, 1]
2.1. Îïåðàòîðû ïîäîáèÿ â ïðîñòðàíñòâå Lp[0, 1]. Ïóñòü èêñèðîâàíî íàòóðàëüíîå
÷èñëî n > 1, è ïóñòü âåùåñòâåííûå ÷èñëà ak > 0, ck > 0, dk è βk, ãäå k = 1, . . . , n, òàêîâû,
÷òî
n∑
k=1
ak = 1.
Äàííîìó íàáîðó ÷èñåë è ïðîèçâîëüíîìó x ∈ [0, 1] ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå íåïðå-
ðûâíûé íåëèíåéíûé îïåðàòîð G : Lp[0, 1]→ Lp[0, 1] âèäà
G(f) =
n∑
k=1
{
βk · χ(αk ,αk+1) + ck · x+ dk ·Gk(f)
}
, (2.1)
ãäå èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ:
(1) ÷åðåç αk, ãäå k = 1, 2, . . . , n + 1, îáîçíà÷åíû ÷èñëà α1 = 0 è αk =
∑k−1
l=1 al, ãäå
k = 2, . . . , n+ 1;
(2) ÷åðåç χ(ζ,ξ) îáîçíà÷åíà õàðàêòåðèñòè÷åñêàÿ óíêöèÿ èíòåðâàëà (ζ, ξ), ðàññìàòðè-
âàåìàÿ êàê ýëåìåíò ïðîñòðàíñòâà Lp[0, 1];
3(3) ÷åðåç Gk, ãäå k = 1, . . . , n, îáîçíà÷åíû íåïðåðûâíûå ëèíåéíûå îïåðàòîðû â ïðî-
ñòðàíñòâå Lp[0, 1], äåéñòâóþùèå íà óíêöèþ f ñîãëàñíî ïðàâèëó
Gk(f)(t) = f(akt+ αk), k = 1, . . . , n. (2.2)
Îïåðàòîðû G âèäà (2.1) áóäóò íàçûâàòüñÿ îïåðàòîðàìè ïîäîáèÿ.
Ýòîò îïåðàòîð íà íåïðåðûâíûå óíêöèè äåéñòâóåò ñëåäóþùèì îáðàçîì:
G(f)(t) = ck · t + dk · f(t) + βk, (2.3)
ãäå x ∈ [αk, αk+1], t ∈ [0, 1], à ïåðåìåííûå x è t ñâÿçàíû ñîîòíîøåíèåì t = ak · x + αk,
k = 1, 2, . . . , n.
Ýòî îòîáðàæåíèå ÿâëÿåòñÿ ÷àñòüþ áîëüøåãî îòîáðàæåíèÿ A, äåéñòâóþùåãî íà ãðàèê
íåïðåðûâíîé óíêöèè. ×òîáû îïèñàòü åãî, ââåäåì îïåðàòîðû Ak:
Ak
(
t
f(t)
)
=
(
ak 0
ck dk
)(
t
f(t)
)
+
(
αk
βk
)
.
Îòîáðàæåíèå A îïðåäåëåíî òàê
A
(
t
f(t)
)
=
n⋃
k=1
Ak
(
t
f(t)
)
.
Ñðåäè âñåõ îïåðàòîðîâ ïîäîáèÿ äëÿ äàëüíåéøåãî èçëîæåíèÿ íàèáîëüøèé èíòåðåñ ïðåä-
ñòàâëÿþò ñæèìàþùèå îïåðàòîðû.
Ëåììà 2.1. Îïåðàòîð ïîäîáèÿ G ÿâëÿåòñÿ ñæèìàþùèì â Lp[0, 1] â òîì è òîëüêî òîì
ñëó÷àå, êîãäà ñïðàâåäëèâû íåðàâåíñòâà
n∑
k=1
ak |dk|
p < 1 (1 6 p < +∞), (2.4)
max
16k6n
|dk| < 1 (p = +∞). (2.5)
Äîêàçàòåëüñòâî. Ïðè p < ∞ óòâåðæäåíèå äîêàçûâàåìîé ëåììû ñëåäóåò èç òîãî
àêòà, ÷òî ïðè ëþáûõ f1, f2 ∈ Lp[0, 1] ñïðàâåäëèâû ñîîòíîøåíèÿ
‖G(f1)−G(f2)‖
p
Lp[0,1]
=
1∫
0
|G(f1)−G(f2)|
p dx =
n∑
k=1

|dk|p
αk+1∫
αk
|Gk(f1)−Gk(f2)|
p dx

 =
(
n∑
k=1
ak |dk|
p
) 1∫
0
|f1 − f2|
p dx =
=
(
n∑
k=1
ak |dk|
p
)
‖f1 − f2‖
p
L2[0,1]
.
Ïðè p = +∞ ñïðàâåäëèâî íåðàâåíñòâî
‖f1 − f2‖L∞[0,1] 6 max
k
|dk|‖f1 − f2‖L∞[0,1].

Èç ëåììû 2.1 è ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé íåìåäëåííî âûòåêàåò ñïðàâåäëè-
âîñòü ñëåäóþùåãî óòâåðæäåíèÿ.
4Òåîðåìà 2.1. Åñëè ñïðàâåäëèâî íåðàâåíñòâî (2.4) (1 6 p < +∞), èëè (2.5) (p = +∞), òî
ñóùåñòâóåò è åäèíñòâåííà óíêöèÿ f ∈ Lp[0, 1], óäîâëåòâîðÿþùàÿ óðàâíåíèþ G(f) = f .
Îïðåäåëåíèå 2.1. Ôóíêöèè, çàäàííûå óñëîâèåì G(f) = f ïðè íåêîòîðîì ñæèìàþùåì
îïåðàòîðå ïîäîáèÿ G áóäåì íàçûâàòü àèííî-ñàìîïîäîáíûìè èëè ïðîñòî ñàìîïîäîáíû-
ìè. ×èñëà {ak}, {ck}, {dk} è {βk}, k = 1, 2, . . . , n áóäåì íàçûâàòü ïàðàìåòðàìè ñàìîïî-
äîáèÿ.
Â äàëüíåéøåì âñåãäà áóäåò ïðåäïîëàãàòüñÿ, ÷òî íåðàâåíñòâî (2.4) èëè (2.5) âûïîëíåíî.
Çàìå÷àíèå 2.1. Íàáîð ÷èñåë {αk}, êàê íåòðóäíî âèäåòü, çàäàåò ðàçáèåíèå îòðåçêà [0, 1]:
0 = α1 < α2 < . . . < αn < 1 = αn+1. ×èñëà ak îòâå÷àþò çà ãîðèçîíòàëüíîå ñæàòèå
óíêöèè f , à ÷èñëà dk çà âåðòèêàëüíîå ñæàòèå.
Çàìå÷àíèå 2.2. Ïàðàìåòðû ck íå âëèÿþò íà ñâîéñòâî ñæèìàåìîñòè îïåðàòîðà G.
Çàìå÷àíèå 2.3. Äëÿ ðàêòàëüíûõ êðèâûõ, çàäàííûõ ñåìåéñòâîì àèííûõ (íå îáÿçà-
òåëüíî ñæèìàþùèõ) îïåðàòîðîâ óñëîâèþ (2.4) ïðè p ∈ [1,+∞) ñîîòâåòñòâóåò óñëîâèå
ρp < 1 (ñì., íàïðèìåð, [15℄), ãäå ρp  p-ðàäèóñ ýòèõ îïåðàòîðîâ.
Îäíîé è òîé æå óíêöèè ìîãóò ñîîòâåòñòâîâàòü ðàçíûå ïàðàìåòðû ñàìîïîäîáèÿ. Íà-
ïðèìåð, óíêöèÿ f(x) = x íà îòðåçêå [0, 1] ìîæåò áûòü çàäàíà êàê íàáîðîì n = 2,
a1 = a2 = 1/2, c1 = c2 = 1/2, d1 = d2 = 0, β1 = 0, β2 = 1/2, òàê è íàáîðîì n = 3,
a1 = a2 = a3 = 1/3, c1 = c2 = c3 = 1/3, d1 = d2 = d3 = 0, β1 = 0, β2 = 1/3, β3 = 1/3.
2.2. Íåðàâåíñòâà, îöåíèâàþùèå íîðìû ñàìîïîäîáíûõ óíêöèé
f ∈ Lp[0, 1] ÷åðåç ïàðàìåòðû ñàìîïîäîáèÿ. Íà ïðîñòðàíñòâå n-ìåðíûõ âåêòî-
ðîâ x = (x1, x2, . . . , xn) ââåäåì âåñîâóþ íîðìó äëÿ ïàðû âåêòîðîâ x = (x1, x2, . . . , xn) è
y = (y1, y2, . . . , yn) è èêñèðîâàííîãî s ∈ [1,+∞)
‖{x, y}‖s,a =
(
n∑
k=1
(|xk|+ |yk|)
sak
)1/s
,
ãäå êîýèöèåíòû ak óäîâëåòâîðÿþò óñëîâèÿì 0 < ak < 1, k = 1, 2, . . . , n,
∑n
k=1 ak = 1.
Êðîìå òîãî, äëÿ îáëåã÷åíèÿ âûêëàäîê ââåäåì îáîçíà÷åíèå
rp =
n∑
k=1
ak|dk|
p.
Ëåãêî çàìåòèòü, ÷òî èç óñëîâèÿ rp < 1 äëÿ ëþáîãî 1 6 s < p òàêæå âûòåêàåò óñëîâèå
rs < 1 è, áîëåå òîãî, rs 6 (rp)
s
p
.
Ïðè p = +∞ ââåäåííûå âûøå âåëè÷èíû íå çàâèñÿò îò ÷èñåë {ak} è, ñîîòâåòñòâåííî,
îïðåäåëÿþòñÿ òàê:
‖{x, y}‖∞ = max
16k6n
{|xk|+ |yk|}, r∞ = max
16k6n
{|dk|}.
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 2.2. Äëÿ ñàìîïîäîáíîé óíêöèè f ∈ Lp[0, 1] (p ∈ N) ñ ïàðàìåòðàìè ñàìîïîäîáèÿ
ak, ck, dk, βk âûïîëíåíî íåðàâåíñòâî
‖f‖Lp[0,1] 6
∑p
s=1 ‖{c, β}‖s,a
(
∏p
s=1(1− rs))
1/p
, (2.6)
ãäå c = (c1, c2, . . . , cn), β = (β1, β2, . . . , βn).
5Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ïî
p.
Äåéñòâèòåëüíî, ïðè p = 1 ñïðàâåäëèâû ñëåäóþùèå âûêëàäêè
‖f‖L1[0,1] =
∫ 1
0
|f(x)| dx =
n∑
k=1
∫ αk+1
αk
|f(x)| dx =
=
n∑
k=1
∫ 1
0
|ck · t + βk + dk · f(t)|ak dt 6
n∑
k=1
(|ck|+ |βk|)ak +
(
n∑
k=1
ak|dk|
)
‖f‖L1[0,1],
èç êîòîðûõ ñëåäóåò ñïðàâåäëèâîñòü íåðàâåíñòâà (2.6) ïðè p = 1.
Äîïóñòèì, ÷òî íåðàâåíñòâî (2.6) âåðíî ïðè j = 1, 2, . . . , p − 1. Åñëè f ∈ Lp[0, 1], òî,
î÷åâèäíî, f ∈ Ls[0, 1] ∀ s ∈ [1, p). Òîãäà ñïðàâåäëèâû ñëåäóþùèå ïðåîáðàçîâàíèÿ
‖f‖pLp[0,1] =
n∑
k=1
∫ αk+1
αk
|f(x)|p dx =
n∑
k=1
∫ 1
0
|ck · t+ βk + dk · f(t)|
pak dt 6
6
n∑
k=1
p−1∑
j=0
Cjp(|ck|+ |βk|)
p−j|dk|
jak‖f‖
j
Lj [0,1]
+
(
n∑
k=1
ak|dk|
p
)
‖f‖pLp[0,1],
èç êîòîðûõ âûòåêàåò íåðàâåíñòâî
(1− rp)‖f‖
p
Lp[0,1]
6
∑
k=1
(|ck|+ |dk|)
pak +
n∑
k=1
p−1∑
j=1
Cjp(|ck|+ |dk|)
p−j|dk|
jak‖f‖
j
Lj [0,1]
. (2.7)
Ó÷èòûâàÿ ïðåäïîëîæåíèå èíäóêöèè ïðè j = 1, 2, . . . , p− 1:
‖f‖jLj [0,1] 6
(∑j
s=1 ‖{c, β}‖s,a
)j
∏j
s=1(1− rs)
6
(∑p−1
s=1 ‖{c, β}‖s,a
)j∏p−1
s=1(1− rs)
,
à òàêæå ïðèìåíÿÿ íåðàâåíñòâî åëüäåðà ê ñóììå:
n∑
k=1
(|ck|+ |dk|)
p−j|dk|
jak =
n∑
k=1
(|ck|+ |dk|)
p−ja
p−j
p
k a
p
j
k |dk|
j 6
6
(
n∑
k=1
(|ck|+ |dk|)
pak
) p−j
p
(
n∑
k=1
ak|dk|
p
) j
p
= ‖{c, β}‖p−jp,a r
j
p
p 6 ‖{c, β}‖
p−j
p,a ,
íåðàâåíñòâî (2.7) ïðåîáðàçóåì ê ñëåäóþùåìó âèäó:
(1− rp)‖f‖
p
Lp[0,1]
6 ‖{c, β}‖pp,a +
p−1∑
j=1
Cjp‖{c, β}‖
p−j
p,a
(∑p−1
s=1 ‖{c, β}‖s,a
)j∏p−1
s=1(1− rs)
.
Èç ïîñëåäíåãî íåðàâåíñòâà òåì áîëåå ñëåäóåò íåðàâåíñòâî
(1− rp)‖f‖
p
Lp[0,1]
6
(
∑p
s=1 ‖{c, β}‖s,a)
p∏p−1
s=1(1− rs)
,
÷òî è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû. 
6Çàìå÷àíèå 2.4. Â ïðîñòðàíñòâå L∞[0, 1] íåðàâåíñòâî äëÿ íîðìû f , àíàëîãè÷íîå (2.6)
èìååò âèä:
‖f‖L∞[0,1] 6
maxk{|ck|+ |βk|}
1−maxk |dk|
=
‖{c, β}‖∞
1− r∞
.
Äîêàæåì àíàëîãè÷íûå îöåíêè äëÿ äðîáíîãî p. Äëÿ ýòîãî íåöåëîå ÷èñëî p > 1 ïðåäñòà-
âèì â âèäå p = [p] + {p}, ãäå [p]  îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëà p, à {p}  äðîáíóþ ÷àñòü
÷èñëà p, {p} 6= 0.
Òåîðåìà 2.3. Äëÿ ñàìîïîäîáíîé óíêöèè f ∈ Lp[0, 1], {p} 6= 0 ñïðàâåäëèâà îöåíêà
‖f‖Lp[0,1] 6 C ·
(
‖{c, β}‖
[p]
[p],a +
∑[p]
s=1 ‖{c, β}‖s,a
) [p]
p
(
(1− rp)
∏[p]
s=1(1− rs)
) 1
p
.
ãäå
C =

max

maxk {(|ck|+ |βk|){p}},maxk {|dk|{p}},

 [p]∑
s=1
‖{c, β}‖s,a


{p}




1
p
.
Äîêàçàòåëüñòâî. Ñïðàâåäëèâà ñëåäóþùàÿ öåïî÷êà íåðàâåíñòâ
‖f‖Lp[0,1] 6
n∑
k=1
∫ 1
0
|ck · t + βk + dk · f(t)|
[p](|ck| · t + |βk|+ |dk| · |f(t)|)
{p}ak dt 6
6 max
k
{(|ck|+ |βk|)
{p}}
n∑
k=1
∫ 1
0
|ck · t+ βk + dk · f(t)|
[p]ak dt+
+
n∑
k=1
∫ 1
0
|ck · t+ βk + dk · f(t)|
[p]|dk|
{p}|f(t)|{p}ak dt 6
6 max
k
{(|ck|+ |βk|)
{p}}‖f‖
[p]
L[p][0,1]
+
n∑
k=1
∫ 1
0
(|ck|+ |βk|+ |dk| · |f(t)|)
[p]|dk|
{p}|f(t)|{p}ak dt.
(2.8)
Ïðåîáðàçóåì ïîñëåäíþþ ñóììó â ïîñëåäíåì íåðàâåíñòâå.
n∑
k=1
∫ 1
0
(|ck|+ |βk|+ |dk| · |f(t)|)
[p]|dk|
{p}|f(t)|{p}ak dt =
=
n∑
k=1
∫ 1
0

 [p]∑
j=0
Cj[p](|ck|+ |βk|)
[p]−j|dk|
j|f(t)|j

 |dk|{p}|f(t)|{p}ak dt.
Â ïîñëåäíåì âûðàæåíèè ñëàãàåìîå ïðè j = [p] èìååò âèä
n∑
k=1
ak|dk|
p
∫ 1
0
|f(t)|p dt = rp‖f‖
p
Lp[0,1]
. (2.9)
7Ïîìåíÿâ ïîðÿäîê ñóììèðîâàíèÿ, îñòàâøèåñÿ ñëàãàåìûå ìîæíî ïåðåïèñàòü â âèäå
[p]−1∑
j=0
Cj[p]
n∑
k=1
(|ck|+ |βk|)
[p]−j|dk|
j|dk|
{p}ak
∫ 1
0
|f(t)|j+{p} dt. (2.10)
Ñóììû ïî k â âûðàæåíèè (2.10) äîïóñêàåò îöåíêó
n∑
k=1
(|ck|+|βk|)
[p]−j|dk|
j|dk|
{p}ak 6 max
k
{|dk|
{p}}
(
n∑
k=1
(|ck|+ |βk|)
[p]ak
) [p]−j
[p]
(
n∑
k=1
ak|dk|
[p]
) j
[p]
=
= max
k
{|dk|
{p}}‖{c, β}‖
[p]−j
[p],a r
j
[p]
[p] 6 maxk
{|dk|
{p}}‖{c, β}‖
[p]−j
[p],a , j = 0, 1, . . . , [p]− 1. (2.11)
Çäåñü ìû ïðèìåíèëè íåðàâåíñòâî åëüäåðà ñ ïîêàçàòåëÿìè p1 =
[p]
[p]−j
è q1 =
[p]
j
.
Èíòåãðàëû äîïóñêàþò ñëåäóþùóþ îöåíêó
∫ 1
0
|f(t)|j+{p} dt 6
(∫ 1
0
|f(t)|j+1
) j+{p}
j+1
= ‖f‖
j+{p}
Lj+1[0,1]
6 ‖f‖
j+{p}
L[p][0,1]
, j = 0, 1, . . . , [p]− 1.
(2.12)
Çäåñü òàêæå ïðèìåíåíî íåðàâåíñòâî åëüäåðà ñ ïîêàçàòåëÿìè p1 =
j+1
j+{p}
è q1 =
j+1
1−{p}
.
Ïîäñòàâèâ òåïåðü ñîîòíîøåíèå (2.9) è íåðàâåíñòâà (2.11)(2.12) â íåðàâåíñòâî (2.8),
ïîëó÷èì
(1− rp)‖f‖
p
Lp[0,1]
6 max
k
{(|ck|+ |βk|)
{p}}‖f‖
[p]
[p] +maxk
{|dk|
{p}}
[p]−1∑
j=0
Cj[p]‖{c, β}‖
[p]−j
[p],a ‖f‖
j+{p}
L[p][0,1]
.
C ó÷åòîì ñîîòíîøåíèÿ (2.6) ïîëó÷àåì, ÷òî
(1− rp)‖f‖
p
Lp[0,1]
6 max
k
{(|ck|+ |βk|)
{p}}
(∑[p]
s=1 ‖{c, β}‖s,a
)[p]
∏[p]
s=1(1− rs)
+
+ max
k
{|dk|
{p}}
[p]−1∑
j=0
Cj[p]‖{c, β}‖
[p]−j
[p],a
(∑[p]
s=1 ‖{c, β}‖s,a
)j+{p}
(∏[p]
s=1(1− rs)
) j+{p}
[p]
,
÷òî îêîí÷àòåëüíî ìîæíî îöåíèòü òàêèì îáðàçîì:
(1− rp)‖f‖
p
Lp[0,1]
6 max

maxk {(|ck|+ |βk|){p}},maxk {|dk|{p}},

 [p]∑
s=1
‖{c, β}‖s,a


{p}

×
×
(
‖{c, β}‖
[p]
[p],a +
∑[p]
s=1 ‖{c, β}‖s,a
)[p]
∏[p]
s=1(1− rs)
.

8Ñëåäñòâèå 2.1. Äëÿ èêñèðîâàííîãî p ∈ [1,+∞] è ëþáûõ R > 0, ε > 0 ðàññìîòðèì
âñåâîçìîæíûå ñæèìàþùèå îòîáðàæåíèÿ â Lp[0, 1], çàäàííûå ïàðàìåòðàìè {ak}, {ck},
{dk}, {βk}, k = 1, 2, . . . , n, òàêèìè ÷òî
‖{c, β}‖p,a 6 R,
n∑
k=1
ak|dk|
p 6 1− ε, 1 6 p <∞
‖{c, β}‖∞ 6 R, max
16k6n
|dk| 6 1− ε, p =∞.
Òîãäà âñå óíêöèè, ÿâëÿþùèåñÿ íåïîäâèæíûìè òî÷êàìè òàêèõ ñæèìàþùèõ îòîá-
ðàæåíèé, îáðàçóþò îãðàíè÷åííîå ìíîæåñòâî â Lp[0, 1].
2.3. Íåïðåðûâíàÿ çàâèñèìîñòü íåïîäâèæíîé òî÷êè ñæèìàþùåãî îòîáðàæå-
íèÿ îò ïàðàìåòðîâ dk, ck, βk, k = 1, 2, . . . , n. Ïóñòü çàäàíî ðàçáèåíèå îòðåçêà [0, 1]:
0 = α1 < α2 < . . . < αn < 1. ×èñëà ak ÿâëÿþòñÿ äëèíàìè îòðåçêîâ ðàçáèåíèÿ:
ak = αk − αk−1, k = 1, 2, . . . , n.
Çàäàäèì òàêæå äâà íàáîðà ÷èñåë dk, ck, βk è d
′
k, c
′
k, β
′
k, k = 1, 2, . . . , n, óäîâëåòâîðÿþùèå
óñëîâèÿì
rp =
n∑
k=1
ak|dk|
p < 1, r′p =
n∑
k=1
ak|d
′
k|
p < 1
ïðè íåêîòîðîì èêñèðîâàííîì p ∈ [1,+∞). Ýòè íàáîðû ïîðîæäàþò äâà ñæèìàþùèõ îòîá-
ðàæåíèÿ G è G′, íåïîäâèæíûìè òî÷êàìè êîòîðûõ ñîîòâåòñòâåííî áóäóò óíêöèè f è g.
Ïðè p = +∞ ïðåäïîëàãàåòñÿ, ÷òî ïàðàìåòðû ñàìîïîäîáèÿ óäîâëåòâîðÿþò óñëîâèÿì
r∞ = max
16k6n
{|dk|} < 1, r
′
∞ = max
16k6n
{|dk|} < 1
Óòâåðæäåíèå òåîðåì 2.2 è 2.3 îçíà÷àåò, ÷òî îïåðàòîðû ïîäîáèÿ G íåïðåðûâíî çàâèñÿò
îò ïàðàìåòðîâ dk, ck, βk, k = 1, 2, . . . , n. Ïðèìåíÿÿ èçâåñòíûé ðåçóëüòàò î íåïðåðûâíîé
çàâèñèìîñòè íåïîäâèæíîé òî÷êè ñæèìàþùåãî îïåðàòîðà îò ïàðàìåòðà (ñì., íàïðèìåð, [2℄,
ëåììà 2, ñòð. 111), ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 2.4. Ñàìîïîäîáíàÿ óíêöèÿ, ÿâëÿþùàÿñÿ íåïîäâèæíîé òî÷êîé ñæèìàþùåãî
îòîáðàæåíèÿ, íåïðåðûâíî çàâèñèò îò ïàðàìåòðîâ ñàìîïîäîáèÿ, à èìåííî, åñëè ck → c
′
k,
dk → d
′
k è βk → β
′
k, k = 1, 2, . . . , n, òî ‖f − g‖Lp[0,1] → 0.
Â ÷àñòíîñòè, ïðè p ∈ [1,+∞) íåñëîæíî ïîëó÷èòü ñëåäóþùèå îöåíêè:
‖f − g‖Lp[0,1] 6
2p‖{c− c′, β − β ′}‖p,a + 2
p−1 (
∑n
k=1 ak|dk − d
′
k|
p)
1
p (‖g‖Lp[0,1] + ‖f‖Lp[0,1])
2− r
1
p
p − r′
1
p
p
.
Â L∞[0, 1] àíàëîãè÷íûå îöåíêè âûãëÿäÿò òàê:
‖f − g‖L∞[0,1] 6
2‖{c− c′, β − β ′}‖∞ +maxk{|dk − d
′
k|}(‖f‖L∞[0,1] + ‖g‖L∞[0,1])
2− r∞ − r′∞
.
3. Íåïðåðûâíûå ñàìîïîäîáíûå óíêöèè
Óêàæåì óñëîâèÿ íà ÷èñëà {ck}
n
k=1, {dk}
n
k=1 è {βk}
n
k=1, ïðè êîòîðûõ îïåðàòîð ïîäîáèÿ
G çàäàåò íåïðåðûâíóþ óíêöèþ.
9Òåîðåìà 3.1. Ñæèìàþùèé îïåðàòîð ïîäîáèÿ G çàäàåò íåïðåðûâíóþ óíêöèþ òîãäà è
òîëüêî òîãäà, êîãäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
max
16k6n
|dk| < 1, (3.1)
β1 = f(0)(1− d1), (3.2)
βk =
k−1∑
j=1
cj + f(1)
k−1∑
j=1
dj + f(0)(1−
k∑
j=1
dk), k = 2, 3, . . . , n, (3.3)
n∑
j=1
cj + (f(1)− f(0))
n∑
j=1
dj = f(1)− f(0). (3.4)
Äîêàçàòåëüñòâî. Îïåðàòîð ïîäîáèÿ G áóäåò ñæèìàþùèì â ïðîñòðàíñòâå C[0, 1] ïðè
âûïîëíåíèè óñëîâèÿ
|dk| < 1, k = 1, 2, . . . , n,
÷òî ìîæåò áûòü ïîëó÷åíî àíàëîãè÷íî ðàññóæäåíèÿì â ëåììå 2.1 äëÿ ïðîñòðàíñòâà
L∞[0, 1].
Ïóñòü äàíî ðàçáèåíèå {αk}
n
k=1. Åñëè óíêöèÿ f ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îòîáðà-
æåíèÿ G, òî f(αk) = Gk+1(f(0)) = Gk(f(1)), k = 2, 3 . . . , n−1. Êðîìå òîãî, G1(f(0)) = f(0)
è Gn(f(1)) = f(1). Îòñþäà ñëåäóåò, ÷òî ñàìîïîäîáíàÿ íåïðåðûâíàÿ óíêöèÿ f óäîâëåòâî-
ðÿåò â òî÷êàõ αk óñëîâèÿì
d1f(0) + β1 = f(0) â òî÷êå 0 = α1, (3.5)
ck + dkf(1) + βk = dk+1f(0) + βk+1 = f(αk) â òî÷êàõ αk k = 2, 3, . . . , n− 1, (3.6)
cn + dnf(1) + βn = f(1) â òî÷êå αn−1. (3.7)
Ýòè ñîîòíîøåíèÿ ðàâíîñèëüíû ñëåäóþùèì ðàâåíñòâàì
β1 = f(0)(1− d1),
βk =
k−1∑
j=1
cj + f(1)
k−1∑
j=1
dj + f(0)(1−
k∑
j=1
dk), k = 2, 3, . . . , n,
n∑
j=1
cj + (f(1)− f(0))
n∑
j=1
dj = f(1)− f(0).
Óñëîâèÿ (3.1) è (3.2)(3.4) ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè, ÷òî-
áû óíêöèÿ G(f) áûëà íåïðåðûâíà â òî÷êàõ αk, åñëè èñõîäíàÿ óíêöèÿ f íåïðåðûâíà.
Â èíòåðâàëàõ (αk−1, αk) íåïðåðûâíàÿ óíêöèÿ f ïîä äåéñòâèåì ñæèìàþùåãî îòîáðàæå-
íèÿ îòîáðàæåíèÿ G ïåðåéäåò â íåïðåðûâíóþ óíêöèþ G(f). Â ðåçóëüòàòå ïðè âûïîëíå-
íèè óñëîâèé (3.1)(3.2) ïðîèçâîëüíàÿ íåïðåðûâíàÿ íà îòðåçêå [0, 1] óíêöèÿ f ïåðåéäåò â
íåïðåðûâíóþ óíêöèþ G(f). Òàêèì îáðàçîì, äëÿ ïðîèçâîëüíîé íåïðåðûâíîé íà÷àëüíîé
óíêöèè f0 ïîñëåäîâàòåëüíîñòü íåïðåðûâíûõ óíêöèé fn = G
n−1f0 ðàâíîìåðíî ñõîäèòñÿ
ê íåïîäâèæíîé óíêöèè ñæèìàþùåãî îòîáðàæåíèÿ è ýòîò ïðåäåë ÿâëÿåòñÿ íåïðåðûâíîé
óíêöèåé. 
Çàìå÷àíèå 3.1. Óñëîâèÿ (3.2)(3.4) ÿâëÿþòñÿ îáîáùåíèåì óñëîâèÿ Áàðíñëè (èëè ïåðå-
êð¼ñòíîãî óñëîâèÿ) [2℄.
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Óñëîâèå (3.1) áûëî ïîëó÷åíî â [2℄. Óñëîâèÿ (3.2)(3.4) íå îïèñûâàëèñü, ïîòîìó ÷òî â
ýòîé ðàáîòå ðåøàëàñü çàäà÷à èíòåðïîëÿöèè. À èìåííî, îïèñàòü âñå íåïðåðûâíûå àèíî-
ñàìîïîäîáíûå óíêöèè, ãðàèêè êîòîðûõ ïðîõîäÿò ÷åðåç ÷åðåç çàäàííûå òî÷êè (xk, yk)
k = 1, 2, . . . , n. Êîýèöèåíòû {dk} çàäàþòñÿ ïðîèçâîëüíî, íî ïîä÷èíåííûå óñëîâèþ (3.1).
Îñòàëüíûå ïàðàìåòðû îïåðàòîðîâ ïîäîáèÿ {ak}, {ck}, {αk} è {βk}, k = 1, 2, . . . , n âûðà-
æàþòñÿ ÷åðåç êîîðäèíàòû óçëîâ èíòåðïîëÿöèè è êîýèöèåíòû {dk}. Â íàøåì ñëó÷àå
ñàìîïîäîáíàÿ óíêöèÿ f ïðîõîäèò ÷åðåç òî÷êè (αk, βk). ×åðåç ïàðàìåòðû ñàìîïîäîáèÿ íå
âûðàæàþòñÿ çíà÷åíèÿ f(0) è f(1).
Ïðè îïèñàíèè ñàìîïîäîáíûõ âåðîÿòíîñòíûõ ìåð áûâàåò áîëåå óäîáíûì ðàññìàòðè-
âàòü óíêöèè, çàäàííûå íà îòðåçêå [0, 1] è ïðèíèìàþùèå íà êîíöàõ çíà÷åíèÿ f(0) = 0 è
f(1) = 1. Â ýòîì ñëó÷àå óñëîâèÿ (3.2)(3.4) ïðèíèìàþò áîëåå ïðîñòîé âèä:
β1 = 0,
βk =
k−1∑
j=1
(cj + dj), k = 2, 3, . . . , n,
n∑
j=1
(cj + dj) = 1.
4. Ñâÿçü ñàìîïîäîáíûõ óíêöèé èç Lp[0, 1] è ñàìîïîäîáíûõ ìåð
Íàïîìíèì âêðàòöå êîíñòðóêöèþ ñàìîïîäîáíûõ ìåð. Îáùóþ êîíñòðóêöèþ ðàêòàëü-
íûõ è ñàìîïîäîáíûõ ìåð ìîæíî íàéòè, íàïðèìåð, â [1℄. Íåêîòîðûå ÷àñòíûå ñëó÷àè ñà-
ìîïîäîáíûõ ñèíãóëÿðíûõ ìåð ïðåäñòàâëåíû â ðàáîòå [3℄. Îãðàíè÷èìñÿ ðàññìîòðåíèåì
âåðîÿòíîñòíûõ ìåð.
Ïóñòü Sk, k = 1, 2, . . . , n  ñåìåéñòâî ñæèìàþùèõ îòîáðàæåíèé åäèíè÷íîãî îòðåçêà
I0 = [0, 1] â ñåáÿ, óäîâëåòâîðÿþùèå óñëîâèþ Sk([0, 1]) = [αk, αk+1]. Ïóñòü òàêæå äàí íàáîð
ïîëîæèòåëüíûõ ÷èñåë {ρk}
n
k=1, ïîä÷èíÿþùèõñÿ óñëîâèþ
∑n
k=1 ρk = 1.
Òîãäà ([1℄), ñóùåñòâóåò è åäèíñòâåííà ìåðà µ, çàäàííàÿ óðàâíåíèåì ñàìîïîäîáèÿ
µ =
n∑
k=1
ρkµ ◦ S
−1
k .
Òàêèå ìåðû íàçûâàþò ñàìîïîäîáíûìè.
Ñ íåóáûâàþùåé íåïðåðûâíîé ñëåâà ñàìîïîäîáíîé óíêöèåé f ñâÿæåì ìåðó:
µf([ζ, ξ)) = f(ξ)− f(ζ).
Åñòåñòâåííî âîçíèêàåò âîïðîñ, ÿâëÿåòñÿ ëè ýòà ìåðà ñàìîïîäîáíîé.
Â äàííîé ñâÿçè èíòåðåñ ïðåäñòàâëÿåò âîïðîñ î íàõîæäåíèè óñëîâèé â òåðìèíàõ ïà-
ðàìåòðîâ ñàìîïîäîáèÿ {ak}, {ck}, {dk}, {βk}, ãàðàíòèðóþùèõ íåóáûâàíèå ñàìîïîäîáíîé
óíêöèè.
àññìîòðèì îãðàíè÷åííûå ñàìîïîäîáíûå óíêöèè, íîðìèðîâàííûå óñëîâèÿìè
f(0) = 0, f(1) = 1. Â ýòîì ñëó÷àå β1 = 0. Òàêæå óäîáíî ïîëîæèòü βn+1 = 1.
Òåîðåìà 4.1. ×òîáû ñàìîïîäîáíàÿ íåïðåðûâíàÿ ñëåâà îãðàíè÷åííàÿ óíêöèÿ f áûëà
íåóáûâàþùåé íåîáõîäèìî, ÷òîáû äëÿ âñåõ k = 1, 2, . . . , n âûïîëíÿëîñü ck + dk > 0,
βk 6 βk+1 è äîñòàòî÷íî, ÷òîáû äëÿ âñåõ k = 1, 2, . . . , n âûïîëíÿëîñü ck > 0, dk > 0,
βk 6 βk+1.
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Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, èç ñàìîïîäîáèÿ óíêöèè f ñëåäóåò
f(αk + 0) = Gk(f(0)) = ck · f(0) + βk + dk · f(0) = βk,
f(αk+1 + 0) = Gk+1(f(0)) = ck+1 · f(0) + βk+1 + dk · f(0) = βk+1.
Èç ýòèõ óñëîâèé âûòåêàåò íåîáõîäèìîñòü óñëîâèé βk 6 βk+1. C äðóãîé ñòîðîíû ñïðàâåä-
ëèâû ñîîòíîøåíèÿ
f(αk) = Gk−1(f(1)) = ck−1 · f(1) + βk−1 + dk−1 · f(1) = ck−1 + βk−1 + dk−1 6 βk,
êîòîðûå ïðèâîäÿò ê íåîáõîäèìîñòè óñëîâèé ck + dk > 0, k = 1, 2, . . . , n.
Äëÿ ïîëó÷åíèÿ äîñòàòî÷íûõ óñëîâèé çàìåòèì, ÷òî ïðè βk−1 6 βk âûïîëíåíî
f(αk−1) 6 f(ak), ò. å. óíêöèÿ íåóáûâàåò ≪ãëîáàëüíî≫ (â òî÷êàõ ðàçáèåíèÿ {αk}). Óñòà-
íîâèì òåïåðü íåóáûâàíèå óíêöèè íà èíòåðâàëå (αk, αk+1). Î÷åâèäíî, ÷òî óíêöèÿ, ÿâ-
ëÿþùàÿñÿ íåïîäâèæíîé òî÷êîé ñæèìàþùåãî îòîáðàæåíèÿ, íåîòðèöàòåëüíà ïðè ck > 0,
dk > 0, βk−1 6 βk. À äëÿ ïðîèçâîëüíîé òî÷êè x ∈ (αk, αk+1) âûïîëíåíî
f(x) = ck · t+ dk · f(t) + βk > f(αk + 0),
ãäå x = ak · t + αk. 
Ïðèâåäåì ïðèìåð, ïîêàçûâàþùèé, ÷òî óñëîâèÿ βk−1 6 βk, ck + dk > 0 íå ÿâëÿþòñÿ äî-
ñòàòî÷íûìè. àññìîòðèì óíêöèþ ñ ïàðàìåòðàìè ñàìîïîäîáèÿ n = 3, a1 = a2 = a3 = 1/3,
c1 = 0, d1 = 1/2, α1 = β1 = 0, c2 = d > 0, d2 = −d < 0, β2 = 1/2, c3 = 0, d3 = 1/2,
β3 = 1/2, ãäå 0 < d < 1  ïðîèçâîëüíûé ïàðàìåòð. Ýòà óíêöèÿ ÿâëÿåòñÿ íåïðåðûâ-
íîé è ëåãêî âèäåòü, ÷òî âñå íåîáõîäèìûå óñëîâèÿ âûïîëíåíû. Òîãäà f(1/3) = 1/2, à
f(1/3 + 1/9) = d · (1/3)− d · f(1/3) + 1/2 = 1/2− d/6 < 1/2.
àññìîòðèì íåóáûâàþùèå îãðàíè÷åííûå ñàìîïîäîáíûå óíêöèè f , íîðìèðîâàííûå
óñëîâèÿìè f(0) = 0, f(1) = 1. Êðîìå òîãî, ïóñòü ck = 0, k = 1, 2, . . . , n. Â ýòîì ñëó÷àå èç
òåîðåìû 4.1 ñëåäóåò, ÷òî íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè íåóáûâàíèÿ óíêöèè
áóäóò óñëîâèÿ dk > 0, βk 6 βk+1, k = 1, 2 . . . , n. Ëåãêî çàìåòèòü, ÷òî ìåðà, ïîñòðîåííàÿ
ïî òàêîé ñàìîïîäîáíîé óíêöèè ÿâëÿåòñÿ ñàìîïîäîáíîé. Ïðè ýòîì ðîëü ÷èñåë ρk âûïîë-
íÿþò ïîëîæèòåëüíûå ÷èñëà dk, à îòîáðàæåíèÿ S
−1
k : [αk, αk+1] → [0, 1] â äàííîì ñëó÷àå
äåéñòâóþò ïî ïðàâèëó
S−1k (x) =
x− αk
ak
.
Çàìå÷àíèå 4.1. àññìîòðåíèå íåóáûâàþùèõ ñàìîïîäîáíûõ óíêöèé ñ íåíóëåâûìè ïà-
ðàìåòðàìè {ck} ïðèâîäèò ê ñàìîïîäîáíûì ìåðàì ñ àáñîëþòíî-íåïðåðûâíîé ÷àñòüþ. Ïî-
äðîáíîå ðàññìîòðåíèå òàêèõ ìåð âûõîäèò çà ðàìêè äàííîé ñòàòüè è ÿâëÿåòñÿ òåìîé
äàëüíåéøåãî èññëåäîâàíèÿ.
4.1. Íåïðåðûâíûå ñàìîïîäîáíûå óíêöèè ñ íåîãðàíè÷åííîé âàðèàöèåé.
àññìîòðèì íåïðåðûâíûå ñàìîïîäîáíûå óíêöèè, çàäàííûå íåêîòîðûì íàáîðîì ñàìî-
ïîäîáèÿ {ak}, {ck}, {dk}, {βk} è íîðìèðîâàííûå óñëîâèåì f(0) = 0, f(1) = 1. Èçó÷èì
òîëüêî ÷àñòíûé ñëó÷àé òàêèõ óíêöèé, à èìåííî, ïðåäïîëîæèì, ÷òî ck = 0 k = 1, 2, . . . , n.
Â ýòîì ñëó÷àå èç óñëîâèé (3.1)(3.4) ñëåäóåò, ÷òî
β1 = 0, βk+1 − βk = dk,
n∑
k=1
dk = 1, max
16k6n
{|dk|} < 1.
Ââåäåì âåëè÷èíó D =
∑n
k=1 |dk|. Íåòðóäíî âèäåòü, ÷òî èç óñëîâèÿ
∑n
k=1 dk = 1 ñëåäóåò,
÷òî D > 1.
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Òåîðåìà 4.2. Ñàìîïîäîáíàÿ íåïðåðûâíàÿ óíêöèÿ f , ñ ïàðàìåòðàìè ñàìîïîäîáèÿ {ak},
{ck}, {dk}, {βk}, óäîâëåòâîðÿþùàÿ óñëîâèÿì f(0) = 1, f(1) = 1, ck = 0 k = 1, 2, . . . , n,
èìååò îãðàíè÷åííóþ âàðèàöèþ òîãäà è òîëüêî òîãäà, êîãäà D 6 1.
Äîêàçàòåëüñòâî. Øàã 1. Ïîñòðîèì ïîñëåäîâàòåëüíîñòü Tm ðàçáèåíèé îòðåçêà
[0, 1]. Ïóñòü T1 = {αk}
n+1
k=1 (α0 = 0, αn+1 = 1)  èñõîäíîå ðàçáèåíèå îòðåçêà.
Tm = {ak · x + αk, x ∈ Tm−1, k = 1, 2, . . . , n}. Òî÷êè ðàçáèåíèÿ Tm äåëÿò îòðåçîê [0, 1]
íà nm ïîäîòðåçêîâ.
Êàæäîìó îòðåçêó, îáðàçîâàííîìó ðàçáèåíèåì Tm, ñîïîñòàâèì ïîñëåäîâàòåëüíîñòü ÷è-
ñåë k1, k2, . . . , km, ki = 1, 2, . . . , n, i = 1, 2, . . . , m (íîìåð îòðåçêà). Îòðåçêó ðàçáèåíèÿ T1
ñîîòâåòñòâóåò íîìåð k1, åñëè ãðàíèöû ýòîãî îòðåçêà ñòðîÿòñÿ ïî ïðàâèëó
xk1 = αk1, xk1+1 = αk1+1, k1 = 1, 2, . . . , n.
Îòðåçêó ðàçáèåíèÿ T2 ñîîòâåòñòâóåò ïàðà k1, k2, åñëè åãî êîíöû xk2 è xk2+1 ïîñòðîåíû ïî
ïðàâèëó
xk2 = ak2xk1 + αk2, xk2+1 = ak2xk1+1 + αk2, k1, k2 = 1, 2, . . . , n,
ãäå [xk1 , xk1+1]  îòðåçîê ðàçáèåíèÿ T1 ñ íîìåðîì k1. Äàëåå ïîñòðîåíèå ïîñëåäîâàòåëü-
íîñòè íîìåðîâ îòðåçêà ïðîâîäèòñÿ ïî èíäóêöèè: åñëè êàæäîìó îòðåçêó ðàçáèåíèÿ Tm−1
ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòü k1, k2, . . . , km−1, òî îòðåçîê ðàçáèåíèÿ Tm èìååò íîìåð
k1, k2, . . . , km, åñëè åãî êîíöû xkm è xkm+1 ïîñòðîåíû ïî ïðàâèëó
xkm = akmxkm−1 + αkm , xkm+1 = akmxkm−1+1 + αkm,
ãäå [xkm−1 , xkm−1+1]  îòðåçîê ñ íîìåðîì k1, k2, . . . , km−1, ki = 1, 2, . . . , n, i = 1, 2, . . . , m− 1.
Íåòðóäíî çàìåòèòü, ÷òî äëèíà îòðåçêà ñ íîìåðîì k1, k2, . . . , km ðàâíà ak1ak2 . . . akm .
Øàã 2. Ïóñòü f0(x) = x íà [0, 1]. Ïîñëåäîâàòåëüíîñòü fm = G(fm−1) ñõîäèòñÿ ê ïðåäåëü-
íîé ñàìîïîäîáíîé óíêöèè. Äîêàæåì, ÷òî íà îòðåçêå ñ íîìåðîì k1, k2, . . . , km óíêöèÿ fm
ëèíåéíà è
fm(x) =
dk1dk2 . . . dkm
ak1ak2 . . . akm
(x− xkm) +
m∑
j=1
βkj
∏
i=j+1
dki. (4.1)
Î÷åâèäíî, ÷òî ïî îïðåäåëåíèþ äåéñòâèÿ îïåðàòîðà ïîäîáèÿ G íà íåïðåðûâíûå óíê-
öèè (2.3), êóñî÷íî-ëèíåéíàÿ óíêöèÿ ïåðåéäåò â êóñî÷íî-ëèíåéíóþ æå óíêöèþ. Ïóñòü
[xk1 , xk1+1]  îòðåçîê ðàçáèåíèÿ T1 ñ íîìåðîì k1. Â ñèëó òîãî æå ñâîéñòâà (2.3) èìååì
f1(xk1) = dk1f0(0) + βk1 = βk1 ,
f1(xk1+1) = dk1f0(1) + βk1 = βk1+1.
Òàêèì îáðàçîì, íà îòðåçêå ðàçáèåíèÿ T1 ñ íîìåðîì k1 óíêöèÿ f1 ëèíåéíà è íà åãî êîíöàõ
ïðèíèìàåò çíà÷åíèÿ βk1 è βk1+1, ò. å. îïðåäåëÿåòñÿ îðìóëîé
f1(x) =
dk1
ak1
(x− xk1) + βk1.
Äàëüíåéøåå ðàññóæäåíèå ïðîâåäåì ïî èíäóêöèè. Ïóñòü íà îòðåçêå ðàçáèåíèÿ Tm ñ íî-
ìåðîì k1, k2, . . . , km óíêöèÿ fm èìååò âèä (4.1). Êîíöû îòðåçêà ðàçáèåíèÿ Tm+1 ñ íîìåðîì
k1, k2, . . . , km, km+1 ñòðîÿòñÿ ïî ïðàâèëó
xkm+1 = akm+1xkm + αkm+1 , xkm+1+1 = akm+1xkm+1 + αkm+1 ,
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ãäå [xkm , xkm+1]  îòðåçîê ñ íîìåðîì k1, k2, . . . , km. Íà ýòîì îòðåçêå fm+1 êóñî÷íî-ëèíåéíà
è íà åãî êîíöàõ ïðèíèìàåò çíà÷åíèÿ
fm+1(xkm+1) = dkm+1fm(xkm) + βkm+1 =
m∑
j=1
βkj
∏
i=j+1
dki + βkm+1
fm+1(xkm+1+1) = dkm+1fm(xkm+1) + βkm+1 = dk1dk2 . . . dkmdkm+1 +
m∑
j=1
βkj
∏
i=j+1
dki + βkm+1 ,
îòêóäà è ñëåäóåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ.
Øàã 3. Çàìåòèì, ÷òî â òî÷êàõ xk1 ðàçáèåíèÿ T1 âûïîëíåíî
f1(xk1) = dk1f0(0) + βk1 = βk1, f(xk1) = dk1f(0) + βk1 , (4.2)
ò. å.
f1|T1 = f |T1 .
À äëÿ òî÷åê xkm ðàçáèåíèÿ Tm âûïîëíåíî
fm(xkm) = dkmfm−1(xkm−1) + βkm , f(xkm) = dkmf(xkm−1) + βkm ,
ãäå xkm è xkm−1  ëåâûå êîíöû îòðåçêîâ ñ íîìåðàìè k1, k2, . . . , km è k1, k2, . . . , km−1 ñîîòâåò-
ñòâåííî. Èç ýòèõ ðàâåíñòâ ñ ó÷åòîì (4.2) ñëåäóåò, ÷òî â òî÷êàõ ðàçáèåíèÿ Tm âûïîëíåíû
ðàâåíñòâà
fm|Tm = f |Tm.
Ñëåäîâàòåëüíî, âàðèàöèè óíêöèé f è fm ïî ðàçáèåíèþ Tm ñîâïàäàþò.
Âàðèàöèÿ óíêöèè fm ïî ðàçáèåíèþ Tm ðàâíà
VarTm fm =
∑
16k1,k2,...,km6n
|dk1dk2 . . . dkm| = D
m,
Òàê êàê (ñì. [19℄, òåîðåìà 2, ñòð. 211) VarTm f → Var
1
0 f ïðè m → ∞, òî
VarTm fm → Var
1
0 f , ãäå VarTm f ýòî âàðèàöèÿ óíêöèè f ïî ðàçáèåíèþ Tm.
Ñëåäîâàòåëüíî,
Var10 f = lim
m→∞
Dm.

Òàêèì îáðàçîì, â êëàññå íåïðåðûâíûõ ñàìîïîäîáíûõ óíêöèé, óäîâëåòâîðÿþùèõ
óñëîâèÿì f(0) = 0 è f(1) = 1, à ïàðàìåòðû ñàìîïîäîáèÿ êîòîðîé ïîä÷èíåíû óñëîâèÿì
ck = 0, k = 1, 2, . . . , n, îãðàíè÷åííóþ âàðèàöèþ èìåþò òîëüêî òå óíêöèè, äëÿ êîòîðûõ
D =
∑n
k=1 |dk| = 1.
Çàìå÷àíèå 4.2. Äëÿ ðàêòàëüíûõ êðèâûõ, çàäàííûõ àèííûìè (íå îáÿçàòåëüíî ñæè-
ìàþùèìè) îïåðàòîðàìè, óñëîâèþ D 6 1 ñîîòâåòñòâóåò óñëîâèå ρ1 6 1 [14℄.
5. Ïðèìåðû
5.1. Íåêîòîðûå êîíêðåòíûå ñàìîïîäîáíûå óíêöèè. 1) Õàðàêòåðèñòè÷åñêàÿ
óíêöèÿ èíòåðâàëà (ζ, ξ) ⊂ [0, 1] ÿâëÿåòñÿ ñàìîïîäîáíîé óíêöèåé ñ ïàðàìåòðàìè ñàìî-
ïîäîáèÿ n = 3, a1 = ζ , a2 = ξ − ζ , a3 = 1 − ξ, c1 = c2 = c3 = d1 = d2 = d3 = β1 = β3 = 0,
β2 = 1.
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2) Êóñî÷íî-ïîñòîÿííàÿ óíêöèÿ f(x) =
∑n
k=1 skχ[αk,αk+1)(x), ãäå
0 = α1 < α2 < . . . < αn < αn+1 = 1  ðàçáèåíèå îòðåçêà [0, 1], òàêæå ÿâëÿåò-
ñÿ ñàìîïîäîáíîé óíêöèåé ñ ïàðàìåòðàìè ñàìîïîäîáèÿ c1 = c2 = . . . = cn = 0,
d1 = d2 = . . . = dn = 0, ak = αk+1 − αk, βk = sk, k = 1, 2, . . . , n.
3) àññìîòðèì äâóïàðàìåòðè÷åñêîå ñåìåéñòâî íåïðåðûâíûõ óíêöèé fa,δ, ãäå
a ∈ (0, 1/2) è δ ∈ [0, 1/3), îïðåäåëÿåìîå ïàðàìåòðàìè ñàìîïîäîáèÿ
n = 3, a1 = a2 = a, a2 = 1− 2a,
d1 = d3 = 1/2 + δ, d2 = −2δ, β1 = 0, β2 = d1 = 1/2 + δ, β3 = d1 + d2 = 1− δ.
Â ÷àñòíîñòè, f1/3,0 ïðåäñòàâëÿåò ñîáîé õîðîøî èçâåñòíóþ óíêöèþ Êàíòîðà. Äëÿ ýòèõ
óíêöèé D =
∑3
k=1 |dk| = 1 + 4δ è ïðè δ > 0 âûïîëíåíî D > 1, ò. å. óíêöèè èìåþò
íåîãðàíè÷åííûå âàðèàöèè.
Àâòîð âûðàæàåò áëàãîäàðíîñòü Â. Þ. Ïðîòàñîâó çà ðÿä öåííûõ çàìå÷àíèé è ïîëåçíûå
ñîâåòû.
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